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Developing a non-compact version of the supersymmetric Hopf map, we formulate the quantum 
Hall effect on a super- hyperboloid. Based on OSp(l 2) group theoretical methods, we first analyze 
the one-particle Landau problem, and successively explore the many-body problem where Laughlin 
wavefunction, hard-core pseudo-potential Hamiltonian and topological excitations are derived. It is 
also shown that the fuzzy super-hyperboloid emerges in the lowest Landau level. 



I. INTRODUCTION 

In the past several years, the understanding of higher 
dimensional formulations of the quantum Hall effect 
(QHE) has greatly progressed. The initial study of this 
direction may date back to the pioneer work of Hal- 
dane who formulated QHE on two-spheres more than 
two decades ago [1] . Beyond the importance to the study 
of QHE itself, in a modern perspective, Haldane's QHE 
could be appreciated as a physical realization of fuzzy 
geometry on a curved manifold. However, reasonable 
higher dimensional generalizations of Haldane's model 
had not been found until the breakthrough of Zhang 
and Hu's four-dimensional QHE [2]. Since their discov- 
ery, many analyses have been devoted to further gener- 
alizations of QHE on other higher dimensional curved 
manifolds. Among them, QHEs on complex projective 
manifolds [3] and higher dimensional spheres [4, 5] have 
been well explored accompanied with the developments 
of fuzzy geometry and matrix models [6] . 

Since the previous investigations are mainly concerned 
with compact bosonic manifolds, there might be two suc- 
cessive directions to be pursued. One direction would 
be the exploration on non-compact manifolds. With re- 
spect to hyperboloids, several works have already been 
reported, for the Landau problem [7-10] and for the QHE 
[11-14] as well. The other direction is the exploration on 
supcrmanifolds. Ivanov et al. launched the construction 
of the Landau model on compact supcrmanifolds, such 
as supersymmetric complex projective spaces [15], super- 
flag manifolds [16]. Independently, Hasebe and Kimura 
investigated Landau problem on a supersphere [17] [43]. 
Recently, particular properties of the supersymmetric 
(SUSY) Landau models are starting to be unveiled, such 
as non-anticommutativc geometry in the lowest Landau 
level (LLL) [15-19], enhanced SUSY in higher Landau 
levels [18-22], and the existence of negative norm states 
[18, 19]. The remedy for the negative norm problem 
was implicitly suggested in Ref.[18], and well developed 
in Refs. [20-22] by introducing the appropriate metric in 
Hilbert space. Many-body problems on supermanifolds, 
which we call the SUSY QHE, have been also explored 
in Refs.[18, 23-26]. The SUSY QHE was first formulated 
on a supersphere [23], and next on a supcrplane [18, 24]. 



Their corresponding bosonic "body" manifolds are, re- 
spectively, two-sphere and Euclidean plane, and both of 
them are maximally symmetric spaces with Euclidean 
signatures; the former has positive constant curvature, 
while the latter does zero constant curvature. Recently, 
it was also found that the set-up of the SUSY QHE was 
applicable to hole-doped antiferromagnetic quantum spin 
models [27]. 

In this paper, we explore a formulation of the QHE 
on a super-hyperboloid whose body is the hyperboloid, 
which has negative constant curvature and is the last 
two-dimensional maximally symmetric space with a Eu- 
clidean signature. For the construction, we introduce a 
non-compact version of the SUSY Hopf map. The au- 
thor believes this to be the first case where the non- 
compact SUSY Hopf map and its related materials are 
developed. The hyperbolic formulation of the SUSY 
QHE would be interesting, also from fuzzy geometry and 
AdS/CFT points of view. The hyperbolic SUSY QHE 
provides a nice physical realization of the fuzzy super- 
hyperboloid, and, interestingly, the fuzzy hyperboloid or 
fuzzy (Euclidean) AdS 2 naturally appears in the con- 
text of AdS/CFT correspondence [28, 29]. The hyper- 
boloid SUSY QHE itself is closely related to the concept 
of holography. While on spheres a natural definition of 
boundary does not exist, there is one on hyperboloids 
or AdS spaces. Further, edge states in the QHE arc 
described by the chiral CFT formalism [30, 31], which 
reflect bulk properties governed by the Chcrn-Simons 
field theory. The bulk-edge correspondence in hyperbolic 
(SUSY) QHE is expected to demonstrate the concept of 
"AdS/CFT" in condensed matter physics. 

In the first half of this paper, we formulate the QHE on 
a (bosonic) hyperboloid based on the non-compact Hopf 
map, and rederivc several results reported in Refs.[7- 
9, 11-13]. We provide new ingredients also, such as 
the pseudo-potential Hamiltonian and topological exci- 
tations. In the latter half, we extend the discussions to 
the super-hyperboloid case, where we explore the non- 
compact SUSY Hopf map, and construct a formulation 
of the hyperbolic SUSY QHE. The detailed organization 
of this paper is as follows. In Sec. II, we briefly review 
basic properties of the SU(1, 1) group. In Sec. Ill, the 
non-compact Hopf map is introduced. The one-particle 
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problem on the hyperboloid is discussed in Sec. IV. The 
noncommutative geometry in the LLL is derived, and 
Hall relation is confirmed in Sec.V. In Sec. VI, we dis- 
cuss the many-body problem on the hyperboloid. From 
Sec. VII to Sec.XI, with the use of the OSp(l\2) super 
Lie group, we supersymmetrize the previous discussions. 
Sec. XII is devoted to summary and discussions. Several 
definitions related to supermatrix arc given in Appendix 
A. In Appendix B, the Lagrange formalism on the super- 
hyperboloid is provided. The irreducible representations 
of the SU(1, 1) group are summarized in Appendix C. 



II. PRELIMINARIES I 

A. The 517(1, 1) Group and Algebra 

SU (1,1) is topologically equivalent to a not-simply 
connected non-compact manifold D x S 1 (D represents 
a disk), and is isomorphic to several groups, 

SU(l,l)~SL(2,R)~Sp(2,R) (2.1) 



and 



SU (1,1) /Z 2 ~SO(2,l). (2.2) 



The SU (1,1) group element g is defined so as to satisfy 
the relation 



gWg = a 3 , 



with the constraint 



det(s) = 1. 



When g is expressed as 



u v 
9 - I v u * I 



the constraint (2.4) becomes 

uu* — vv* = 1. 
The inverse of g is given by 



3+3 i u ' 
a ^ 1 — v u 



(2.3) 



(2.4) 



(2.5) 



(2.6) 



Since SU (1,1) is a non-compact group, its unitary rep- 
resentation is infinite-dimensional. (The irreducible rep- 
resentations of SU(1, 1) are summarized in Appendix C, 
and detailed discussions can be found in Ref. [32].) In 
this paper, we deal with non-unitary representation of 
the principal discrete series, and hence the generators 



are generally represented by non-Hcrmitian and finite di- 
mensional matrices. The SU(1, 1) generators are given 
by 



where K a are 



1-1 2-2 3 3 

k = ia , k = la , n = a' . 



(2.8) 



(2.9) 



Here, a a denote Pauli matrices; non-Hcrmitian matrices 
k 1 and K 2 are boost generators to x and y directions, re- 
spectively, while the Hermitian matrix k 3 is the rotation 
generator on the x — y plane. s a satisfy the algebra, 



[s a ,s b ] =ie ab c s c , 



(2.10) 



where e abc represents the three-rank antisymmetric ten- 
sor with e 123 = 1, and the indices are raised or lowered 
by the metric rj a b = rj ab = (+, +, — ). —s a also satisfy the 
SU(1, 1) algebra, and are related to s a as 



a 3 s a a 3 = -s„ 



(2.11) 



(2.12) 



The Casimir operator is given by 

C = T]abS a S b = sV + S 2 S 2 - S 3 S 3 , 

and its eigenvalues are 

C = -j(j - 1) (2.13) 

with j = 1, 3/2, 2, 5/2, • • • . It should be noticed that the 
Casimir index j begins from 1 not 0. We summarize the 
properties of n a for later convenience. Their anticommu- 
tation relations are given by 



{K a ,K b } = -2 V ab , 

and then, with (2.10), 



K a K b = -r/ ab + ie ab c n c . 



(2.14) 
(2.15) 
(2.16) 



Their normalizations are 

tr(n a K b ) = -2r] ab . 
The completeness relation is 

4 Vab ( K a )J( K \ s = -2S Q V +^ / V- ( 2 - 17 ) 

B. Complex Representation 



The complex representation is given by 



(2.18) 



and related to the original representation by the unitary 
transformation 



~K a = n) K a R, 



(2.19) 
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where R = a 1 . Then, with an SU (1,1) spinor <fi, its 
charge conjugation is constructed as 

4> c = R ] <j>*, (2.20) 

and the Majorana condition (f> c = (f> is given by 

(f) = a 1 <f)*, (2.21) 

or 

(j ) 1 *=<j) 2 , (j> 2 *=(/> 1 . (2.22) 

Without introducing the complex conjugation, the 
SU(1, 1) singlet is constructed as 

(B)ip*f<T*4> = (^Vcr 3 ^ = ~i^o 2 4>- (2.23) 

III. NON-COMPACT HOPF MAP 

The original (1st) Hopf map is given by 

S* 3 -> S 2 ~ S 3 /S 1 , (3.1) 

and its non-compact version may be introduced as 

AdS 3 -> H 2 ~ AdS 3 /S l , (3.2) 

where AdS" ~ SO(n - 1, 2)/SO(n - 1, 1), and if" rep- 
resents an n-dimcnsional two-leaf hypcrboloid that is 
equivalent to Euclidean AdS n ~ SO(n,l)/SO(n). H 2 
with radius r is simply defined as 

Va b x a x b (= x 2 +y 2 - z 2 ) = -r 2 . (3.3) 

Apparently, H 2 is invariant under the SO(2, 1) rotations 
generated by 

ja = _ i£ abc Xb _d__ (3 4) 

With a special choice of the vector on the hypcrboloid 
(x,y,z) — (0,0, ±r), the stabilizer group is found to be 
the SO(2) rotational group around the z-axis, and hence 
H 2 ~ SO(2,l)/SO(2). With polar coordinates, the co- 
ordinates on the two-leaf hyperboloid are parameterized 
as 

x — r sinhr sin 8, y = rsinhr cos 8, z = ircoshr, 

(3.5) 

where — oo < t < oo and < 8 < 2tt. z > corre- 
sponds to the upper leaf, while z < does to the lower 
leaf. In this paper, we focus on the upper leaf, while the 
treatment of the lower leaf is completely analogous. 

The non-compact Hopf map (3.2) is explicitly repre- 
sented by the mapping from g to x a : 

ggi = r) ab x a a 3 K b . (3.6) 

Taking the square of both sides and the trace, one may 
reproduce the hyperboloid constraint 

r] ab x a x b = -1, (3.7) 



where (2.3) and (2.16) were used. (For simplicity, we 
deal with a hyperboloid with unit radius in the following, 
unless otherwise stated.) With the parameterization of g 
(2.5), x a are expressed as 

X = l\U V — V U) 1 X = U V + V U, X — U U + V Vy 

(3.8) 

or, more concisely, 

-> x a = 2^<7 3 s a (/), (3.9) 
where <f> represents the "non-compact" Hopf spinor 

( 3 - 10 ) 

which satisfies the normalization 

(jra 3 (f) = u*u — v*v = 1. (3-11) 

From (3.9), the hyperboloid condition is readily derived 
as 

i lab x a x b = -(<j> ] a 3 <j>f = -1. (3.12) 

With the complex representation s a = lk a , (3.9) is 
rewritten as 

<j>-> x a = 2(j) t s a a 3 4>*. (3.13) 

Inverting (3.9), the non-compact Hopf spinor is expressed 
as 

where the U(l) phase factor is canceled in the mapping 
(3.13). The non-compact Hopf spinor is equal to the 
SU(1, 1) coherent state formulated in [33], which satisfies 
the coherent state equation 

rj ab x a s h (j) = -^0, (3.15) 

or 

r )ab x a (f> t s b = -l</>*. (3.16) 

A. U(l) Connection 

The non-compact Hopf map induces the U(l) connec- 
tion as 

A = Ur(g^a 3 dg) = i^a 3 d<P, (3.17) 
which is explicitly evaluated as 

A = dx a A a = - I -dx a e a 3 -^, (3.18) 
2 1 + a; 

with 1=1. In general, I takes an integer, and 1/2 
represents the "monopole" charge. The corresponding 
field strengths are given by 

F ab = d a A h -d b A a = - I -e abc x c . (3.19) 
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IV. HYPERBOLIC LANDAU PROBLEM 



B. One-particle Hamiltonian 



Here, we explore one-particle quantum mechanics on 
the surface of a hyperboloid in a monopole background. 



A. 5(7(1,1) Covariant Angular Momenta 

The SU(1, 1) covariant angular momenta are given by 
A a = -ie abc x b D c , (4.1) 
where D a denote covariant derivatives 

D a = d a + iA a . (4.2) 
The algebra of the covariant angular momenta is 

[A a ,A h ] =ie ab C (A C - F c ), (4.3) 
with SO{2, 1) vector field strengths F a 



pa 



1 



abc tp 



be 



(4.4) 



The covariant angular momenta arc tangent to the sur- 
face of the hyperboloid, and orthogonal to the field 
strengths 

Vab A a F b = Vab F a A b - 0. (4.5) 

The total angular momenta J a arc constructed as 

J a = A a +F a , (4.6) 

and satisfy the relations 

[J a ,M b ] =ie ab c M c , (4.7) 

where M a = J°,A a and F a . In particular, when M a = 
J a , (4.7) represents the closed SU(1, 1) algebra, and the 
corresponding SU(l, 1) Casimir operator is given by 



C = r 1ab J a J b = 7 lab A a A b -—, 



(4.8) 



where (4.5) was used. The eigenvalues of the Casimir 
operator are 

C = -j(j-l), (4.9) 
where, due to the existence of field strengths, j takes 

J 



(4.10) 



The one-particle Hamiltonian is 



(4.11) 



in which the radial kinetic term does not exist, since the 
particle is confined on the surface of the hyperboloid. 
With (4.8) and (4.10), the energy eigenvalues are easily 
derived as 

E n =^- f (I(n+±)-n(n+l)). (4.12) 

Eq.(4.12) coincides with the result in Refs.[7-9, 11-13]. 
Unlike the case of the sphere [1], the hyperboloid Landau 
level energy has the maximum 



F\x\ay- — 



1 

8M + 8M 



(4.13) 



at n — J/2 — 1/2. Meanwhile, the LLL energy is the same 
in the case of sphere 



Elll — E n =o 



4M 



(4.14) 



However, the hyperboloid LLL energy is not the mini- 
mum, since (4.12) is unbounded as found at n — > oo. By 
recovering the radius r and taking the thermodynamic 
limit, J, r — > oo with fixed J/r 2 , Eq.(4.12) reproduces 
the LL energies on the Euclidean plane 



E n -> u>(n + -), 



(4.15) 



where w = I /Mr 2 . 

The eigenstates in the LLL are constructed by the sym- 
metric products of the components of the non-compact 
Hopf spinor 



J! 



mi!m,2! 



(4.16) 



where toi,TO2 > 0, and mi + m% = J- Since we are 
concerned with the non-unitary representation, the de- 
generacy in the LLL becomes finite, and we define the 
filling fraction as 



v = N/D -> 1/m, 



(4.17) 



where N = I + 1 denotes the number of all particles, and 
D = ml + 1 does the number of all states, respectively. 
The right arrow corresponds to the thermodynamic limit. 



C. Coherent State on a Hyperboloid 

With J a of J = 1, the non-compact Hopf spinor satis- 
fies 



Here n denotes Landau level (LL) index. 



(4.18) 
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and. in the LLL, the SU(1, 1) operators arc effectively 
represented as 



J a 



8 



(4.19) 



where s a — s*. Since — s a obey the SU(1, 1) relations, so 
do J a . The one-particle state aligned with the direction 
£l a (x) on the hyperboloid satisfies the relation 

P a (x) • Ja]4> x W = ^xW, (4-20) 
and (p x is constructed as 



X (4>) = (xVV) 7 = (a*u-f3*v)<, 



(4.21) 



where \ = (a, /?)* is related to f2 a (x) by the relation 



n°(x) = xV 3 K Q X - 



(4.22) 



V. HYPERBOLIC NONCOMMUTATIVE 
GEOMETRY AND HYPERBOLIC HALL LAW 

The kinetic term is quenched in LLL, and the LLL 
limit is realized by simply neglecting A a . Then, in the 
limit, from (4.6), one may deduce the relation 



x a -> X a 



-aL a , 



(5.1) 



with a = 2/1. While, originally, x a are the c- number 
coordinates on the hyperboloid, they are effectively re- 
garded as the SU(1, 1) operators in the LLL, and they 
satisfy the algebra 



\X a ,X b ] 



-tae A 



(5.2) 



which defines the fuzzy hyperboloid [28, 29]. From (5.2), 
the equations of motion are derived as 



I a = j t X a = -i[X a , V] = -ae abc x b E c , (5.3) 

with the electric field E a = —d a V, so one may find the 
hyperbolic Hall law 



r, ab I a E b = 0. 



(5.4) 



VI. HYPERBOLIC QUANTUM HALL EFFECT 

A. Hyperbolic Laughlin-Haldane Wavefunction 

In the original Haldane's set-up, the Laughlin wave- 
function is given by the SU(2) singlet made of the 
(compact) Hopf spinors [1], and indeed, such spherical 
Laughlin-Haldane wavefunction can also be constructed 
from the stereographic projection from the Laughlin 
wavefunction on the Euclidean plane. The Laughlin- 
Haldane wavefunction on a hyperboloid could similarly 



be derived: we may adopt the SU(1, 1) singlet made of 
the non-compact Hopf spinors 

$ = n^y^r = Y[( UlVj - VlUj r, (e.i) 



i<j 



which is consistent with the results in fiefs. [8, 11]. The 
last expression of (6.1) is superficially equivalent to the 
original Laughlin-Haldane function [1], but here, the 
non-compact Hopf spinors are used. Since any two- 
body state described by the hyperbolic Laughlin-Haldane 
wavefunction does not have an SU (1,1) angular mo- 
mentum greater than m(N — 2), the hard-core pseudo- 
potential Hamiltonian is constructed as 

m(JV-l) 

Hh.c.=Yl E VjPj{i,j), (6.2) 

i<j m(N-2) + l<J 

where Vj > denotes the pseudo-potential, and Pj rep- 
resents the projection operator to the two-body subspace 
with the SU(1, 1) Casimir index J, 



Pj(hj) 

= n 



y ab (J a (i) + Ag) + J b (j)) + J'(J' 1) 
J'(J'-l)- J(J-l) 



j'(j' - 1) - j(j - 1) 



In the last equation, we have used f] a bJ a J b = 
l)i=-//2+i = -1/2(1/2-1). 



B. Excitations 



Operators for excitations (quasi-particle and quasi- 
hole) on a hyperboloid are, respectively, given by 

N „ N a a 

^) = n^ + ^r=n^^:+^-), (6.4a) 



dvi dui 

^ t (x)=n^ 3 x=n^-^)' ( 6 - 4b ) 



N 



where x specifies the point fl a (x) at which excitations 
are generated, by the relation (4.22). Their commutation 
relations are evaluated as 

[A(x),A*(x)] = l, 

[A(x),A(x , )] = [AHx),AHx')] = 0, (6.5) 

and A(x) and A\x) are interpreted as annihilation and 
creation operators, respectively. The creation operator 
satisfies the following commutation relation with angular 
momentum, 

[n a ( x )J a ,AHx)} = -^AHx)- (6.6) 



In particular, at the bottom of the upper leaf £l a 
(0,0,1), (6.6) becomes 



[,r,AH x )] = ^A\ x ), 



(6.7) 



which implies that the generation of the quasi-hole 
pushes each of the particles to the ^-direction by 1/2, 
and the quasi-hole is identified with a charge deficit. At 
v = l/m, there are m states per each particle, and the 
quasi-hole carries the fractional charge l/m. 



VII. PRELIMINARIES II 

For the construction of the spherical SUSY QHE 
[17, 23], the UOSp(l\2) group was used. The bosonic 
subgroup of UOSp{\\2) is SU(2), and the graded Hermi- 
tian conjugate was adopted to impose a consistent Majo- 
rana condition. Meanwhile, for the case of the hyperbolic 
SUSY QHE, we use the OSp(l\2) group whose subgroup 
is SU(1, 1), and the conventional Hcrmitian conjugate is 
adopted [44]. 



A. OSp(l\2) Group and Algebra 

Here, we sketch basic structures of the OSp(l\2) group. 
The OSp(l\2) group element g is defined so as to satisfy 
the relation 
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1 kg = k, 



and the constraint 



Here. 



sdet(g) = 1. 



(7.1) 
(7.2) 

(7.3) 



and the super-determinant (sdet) is defined in Appendix 
A. The g is parameterized as 




u v* rfu + rjv* 
g = | v u* iju* + rfv | , 
,r) -i]* 1 - 77*77 



(7.4) 



where u and v are Grassmann even quantities, and r\ 
is Grassmann odd quantity. The inverse of g is not its 
simple Hcrmitian conjugate, but 

u* —v* —if 

g^ 1 = kg^k = —v u —r) 

,—rju*—ri*v rj*u + rjv* 1 — 



u v 77 

v u —j] I . (7.5) 



, rju* + r)*v rfu + rjv* 1 — 77*77 , 



With (7.4), the constraint (7.2) is restated as 

u*u — v*v — T]*i] = if^kil) = —^k'lf)* = 1, (7-6) 
where iff denotes the non-compact SUSY Hopf spinor 

(7.7) 




and 




(7. 



The OSp(l|2) algebra is constructed as 
[l a ,l b ]=ie ab J c , 



where 



{l a ,lP} = -{e t K a )<*ei a , 



OA * f ^ (o -1 
-10/' U 



(7.9) 



(7.10) 



The OSp(l\2) Casimir operator is given by 

C = r !ab ri b -e aP l a l 13 , (7.11) 
and its eigenvalues are 



c - - - 2 ), 



(7.12) 



with j = 1/2, 1, 3/2, 2, ■ • • . It is noted the Casimir index 
begins from 1/2 not 0. The fundamental representation 
of the OSp{l\2) algebra is 

and is normalized as 

str(l a l b ) = -^V ab , str(PZ /3 ) = \^ a(i , str(H Q ) = 0, 

(7.14) 

where the super-trace (str) is defined in Appendix A. 
When l a and l a satisfy the OSp{l\2) algebra, 



(7.15) 



also satisfy the algebra. — l a and d a are related to l a and 

l a as 



I d — - k I k . d — - k I fc j 



(7.16) 



with k (7.3). 
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B. Complex Representation 

The complex representation of (7.13) is constructed as 
l a = -l a \ l a = e a pdP, (7.17) 
and related to l a and l a by the unitary transformation 

i a = nU a n, i a = nU a K, (7.18) 

where 

/0 1 0\ 

(7.19) 

(7.20) 
(7.21) 




The properties of 1Z are summarized as 

n = y} = n) = k-\ 



'1 0> 

n z = {ny = 1 1 

k o 1. 



Then, the charge conjugation of "0 is determined as 

V> c = ftV, (7-22) 

and, without using complex conjugation, the OSp{\\2) 
singlet can be constructed as 

(^ c ) + fcV' = ^*^fcV' = -K - W + rm'). (7.23) 

For later convenience, we introduce another complex 
representation 



(7.24) 



whose original representation is — l a and d a . Eq.(7.15) 
and Eq.(7.24) are related by the unitary transformation 

f = UH-Qll, j a = TZU°"R. (7.25) 

It should be noticed that j a and j a are linearly depen- 
dent on l a and l a , while l a and l a are not, because 
l a = (— l) a+1 (l a Y cannot be expressed by linear com- 
binations of l a and l a . In the following, j a and j a will be 
used rather than l a and l a . While (7.23) is not invariant 
under the OSp(\\2) transformation generated by j a and 
J", 



ip klZip' = uv' — vv! — rjrj' 



(7.26) 



is invariant. The two complex representations (7.17) and 
(7.24) are simply related as 



f = kl a k, j a = kl a k. 



(7.27) 



Further, they are related to l a and l a by the unitary 
transformation 



where 

/0 -1 

K. = IZk = k'lZ = I 1 ) . (7.29) 

V° -h 

The properties of K. are similar to those of 1Z: 

K} = K) = KT 1 , (7.30) 

but K^K\ and 

f-l 0\ 

K 2 = (/C*) 2 = -1 = kk' = k'k. (7.31) 
V° V 

fc and fc' are constructed from the products of JC and 7Z 
as 

fc = UK, k' = JCU, (7.32) 

and related as 

k = l^k'K = Ktk'K, k' = TZ'kTZ = K*kK. (7.33) 

VIII. THE NON-COMPACT SUSY HOPF MAP 



The (original) SUSY Hopf map 



(8.1) 



was introduced in Ref. [36] , and the accompanying bundle 
structure has been well examined in Refs.[37, 38] and 
Ref. [17]. Here, we explore the non-compact version of it 



AdS m -> i? 212 ~ AdS^/S 1 , 



(8.2) 



where the super-hyperboloid if 2 ! 2 or Euclidean AdS 2 ' 2 is 
defined so as to satisfy the condition 



r/abX x - e a pt 



l e f3 = -l. 



(8.3) 



Apparently, the condition is invariant under the OSp(l\2) 
transformations generated by 

L a = -ie abc x b d c +±(K a )p a 6Pd a , 

L a = ^(fn'^xadp - l( K a )f> a p d a , (8.4) 

and H 2 \ 2 manifestly possesses the O.Sp(l|2) symmetry. 
The non-compact SUSY Hopf map is explicitly con- 
structed as 

g -> .gfcV = 5 ab x a k b + {aX^k , (8.5) 
where k a = kl a and k a = kl a are 



1 



i N 



k 1 = - I -i 
2 » 0, 



/0 1 o\ x /l 0> 

/c 2 = -100, fc 3 = - 1 



1 



'o o r 



.f = K,H a K., j a = KH a K 



(7.28) 



k 1 = - \ | , /c B 
2 \0 -1 0, 



,0 0, 

'0 

0-1 

1 



^0 Oj 
(8.6) 
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Though k a and k a are "Hermitian" in the sense that 

fc at =fc a , k af = {a 1 )p a k f3 , (8.7) 

they do not form a closed algebra. With the normaliza- 
tion (7.14), it is not difficult to see that x a and 9 a (in- 
troduced by (8.5)) indeed satisfy the super-hyperboloid 
condition (8.3). With (7.4), x a and 9 a are expressed as 

x 1 = i(u*v — v*u), x 2 = u*v + v*u, x 3 = u*u + v*v, 
9 1 = u*T) - rfv, 6 2 =?fu-7]v*, (8.8) 

or, more compactly, 

x a = 2ib^k a ip, 9 a = 2ib^k a ib, (8.9) 

where ijj is the non-compact SUSY Hopf spinor (7.7). 
From the "Hermiticity" of k a and k a , x a and 9 a are 
"real" in the sense that 



n a , e a * = (cr 1 )^"^. 



(8.10) 



Namely, 9 = {9 1 ,9 2 ) t is an 50(2,1) Majorana-spinor. 
From the non-compact SUSY Hopf map (8.9) and the 
constraint (7.6), it is readily confirmed that x a and 9 a 
satisfy the condition (8.3), since 

r) ab x a x b - e aP 9 a 9P = -(^kib) 2 = -1. (8.11) 

With the complex representation, the non-compact 
SUSY Hopf map (8.9) is restated as 

x a = 2tp t k' a ip*, 9 a = 2^ l k' a i)\ (8.12) 

where 

k >a = 3 a k , = _ 7]abk b^ k ia = ]a y = (^"j^. (g 13 ) 

Inverting (8.9), the non-compact SUSY Hopf spinor is 
expressed by x a and 9 a , up to the U(l) phase factor, as 



lb: 



(i + * 3 )(i-I(tW^) 



which satisfies the supercoherent equation 



or, in the complex representation, 



(8.14) 



.15) 



A. U(l) connection 

The non-compact SUSY Hopf map (8.5) or (8.9) is 
invariant under the U(l) gauge transformation: 



2ir»r 



or 



.9 ->■ ge 



ip -> e la ib. 



.17) 



(8.18) 



Such gauge freedom induces a U{\) connection on a 
super-hyperboloid as 



A = istr(k 3 g' ! kdg) = iib^kdib. 



(8.19) 



Accompanied with the U(l) gauge transformation (8.17), 
A is transformed as 



A—tA + da. 



.20) 



as expected. With the explicit form of the non-compact 
SUSY Hopf spinor (8.14), the components of the U(\) 
gauge field 



A = dx a A„ + d9 a A n 



.21) 



are evaluated as 



A 1 3 f, 2 + z 3 

Aa ~ ~2^ b T+x* y 1 + 2(1 + 3:8)' 

A a = — "i—x a (9K a e) a: 



.22) 



with 1=1. 1/2 represents the "supermonopole" charge 
with integer /. Their complex conjugations are given by 



A* a = A a , A* a = -(a 1 )jA . 
The super field strengths 

Fab = d a A b - d b A a , 

F a p = d a A fj + d A a , 
are also evaluated as 

F ah = -~e ahc x c {l+^6e6), 

F aa = -*^(^K(,e) Q ((5 b a - 3x a x b ), 

F a p = -U(K a e) a px a (l + he9). 



(8.23) 



(8.24) 



.25) 



Va b x a ^j b - e aP 9 a ^f = -ib\ (8.16) 

Thus, the non-compact SUSY Hopf spinor is equivalent 
to the OSp(l\2) supercoherent state in Rcf.[39]. 



IX. HYPERBOLIC SUSY LANDAU PROBLEM 

The Landau problem is inspected on the surface of a 
super-hyperboloid in the supermonopole background. 
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A. OSp(l\2) Covariant Angular Momenta 



B. One-particle Hamiltonian 



There are two-kinds of covariant angular momenta: 
one is bosonic and the other is fcrmionic, 

A a = -ie abc x b D c + ±(K a ) p a 8> 3 D a , 

A" = ^K^XaDp - ^(K a ) p a ^D a , (9.1) 

where the covariant derivatives are defined by 

D a =d a + iA a , D a = d a + iA a . (9.2) 
The covariant angular momenta satisfy the relations 

[A a ,A b ] = ie ab c {A c - F c ), 
[A a ,A Q ] =±(K a ) f3 a (AP-F% 

{A a ,AP} = ^(e t K a ) a P(A a ~F a ), (9.3) 



where 



F° = — x°, F a = --( 
2 ' 2 



(9.4) 



which are the angular momenta of the supermonopolc 
gauge fields, and are orthogonal to the covariant angular 
momenta 

Vab A a F b - e aP A a F> 3 = , lab F a A b - e a pF a A^ = 0. (9.5) 

The conserved SUSY angular momenta are constructed 
as 

J a =A a +F a , J a = A a + F a , (9.6) 

and they generate the OSp(l\2) transformations 

[J a ,M b ] =ie ab c M c , 
1 



[J a ,M a ] = -(^) p a M^ 
{J a : M?} = h^K a )^M a , 



(9.7) 



where M a = J a ,A a ,F a and M a = J a ,A a ,F a . The 
corresponding 05*^(112) Casimir operator is given by 

where (9.5) and 



Vab F a F b - e a0 F a FP = -— 



(9.9) 



were used. The Casimir operator takes the eigenvalues 



with 



/ 1 

• ? = -2 +n+ 2- 
Here, n denotes the super LL index. 



(9.10) 



(9.11) 



The one-particle Hamiltonian is given by 



H = ^j(VabA a A b - t al3 A a A ), (9.12) 

and is a supersymmetric Hamiltonian in the sense that 
it is invariant under the OSp(l\2) transformation. From 
(9.8) and (9.10), its energy eigenvalues are derived as 



E n = -^—(I(n + -)- n(n + -)*). 
2M V 4 ; y 2" 



The energy takes the maximum 



1 



8M 32M 



at n = 1/2 — 1/4, and the LLL energy is 



Elll — E n=0 



8M' 



(9.13) 



(9.14) 



(9.15) 



which is equal to the LLL energy on a supcrsphcre [17], 
and is also equal to the half of the LLL energy in the 
original hyperbolic case (4.14). Just as in the origi- 
nal hyperboloid case, the energy eigenvalues on a super- 
hyperboloid have the maximum, but are unbounded from 
below. Since we are concerned with the non-unitary rep- 
resentation of the 05p(l|2) group, the degeneracy in the 
LLL becomes finite and the LLL bases are constructed 
from the symmetric products of the components of the 
non-compact SUSY Hopf spinor as 



m\\m,2\ 



Vnm2 



II 



n\\ni\ 



u ni v n2 r] 7 



(9.16) 



where mi, 7712, rii, n% > 0, and mi+m^ = 711+712 + 1 = /. 
The degeneracy in the LLL is explicitly given by 



£>=(/ + !) 



2/+1, 



(9.17) 



and thus, the super LLL is almost doubly degenerate 
compared to the original (bosonic) case. The filling frac- 
tion is usually defined by N/D, where D denotes the total 
number of states D = Ds+Dp (Db and Dp are the total 
numbers of bosonic and fermionic states, respectively), 
but for later convenience, we define the filling fraction as 
in the original (bosonic) case 



= N/D B = I /{ml + 1) -> 1/m, 



(9.18) 



where the right arrow represents the thermodynamic 
limit. 
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C. Supercoherent State on a Super- hyperboloid 

The non-compact SUSY Hopf spinor is equivalent 
to the supermonopole harmonics with the minimum 
monopolc charge 1/2 = 1/2: 

J a { i=i)^ = J(i^ = (D% (9.19) 

where j a and j a are given by (7.24). Therefore, in the 
LLL, J a and J a are effectively represented as 

Ja =^ a w ja=i)tja w (9 - 20) 

The one-particle state aligned with the direction 

n a (x) = 2 X ik a x , n a (x) = 2^k a x , (9.21) 

is represented as 

V>x(V0 = (x f ^) 7 - (a*u - /3*v - CvY- (9-22) 
Indeed, ip x satisfies the equation 

l Vab n a (x) J b ~ e aP n a ( X )J H' x W = ^xW- (9-23) 



X. HYPERBOLIC SUPER FUZZY GEOMETRY 
AND HYPERBOLIC SUPER HALL LAW 

Based on similar discussions developed in Sec.V, one 
may deduce the non-commutative relation on a super- 
hyperboloid. From the relation (9.6), in the LLL limit 
(A a , A Q — ► 0), the coordinates on a super-hyperboloid 
are regarded as the OSp(l\2) operators 

x a -> X a = -aL a , 6 a -► Q a = -aL a , (10.1) 

which satisfy the fuzzy super-algebra 

[X a 1 X b ] = -iae abc X c , 

[r,e»] = -^( K »);e^ 

{G a ,eP} = ~(e t K a ) af3 Xa, (10.2) 

where a = 2R/I. The super-algebra (10.2) defines a 
fuzzy supermanifold that could be called the fuzzy super- 
hyperboloid [45]. From (10.2), the super Hall currents are 
derived as 



r = —x a = -i[x a ,v] 



= -ae abc x b E c + i-(K a ) a ^9 a E fJ , 

i<* = Ae« = -i[e a ,v] 

at 

= i^(e t K a ) a ^x a E + i^(n a )^E a , (10.3) 

where E a = —d a V and E a = d a V, and the super- 
hyperbolic version of Hall law is confirmed as 

Vab I a E b - e afJ I a E^ = 0. (10.4) 



XL HYPERBOLIC SUSY QUANTUM HALL 
EFFECT 



A. Hyperbolic SUSY Laughlin-Haldane 
Wavefunction 

It may be natural to adopt OSp(\\2) singlet function 
as a hyperbolic SUSY Laughlin-Haldane wavefunction 

N 

* = U(^*R^) m = lliuiVj - v lU] - VlVj ) m . (11.1) 



Indeed, (11.1) is invariant under the OSp(l\2) trans- 
formations generated by (9.20), and superficially takes 
the same form of the spherical SUSY Laughlin-Haldane 
wavefunction proposed in Rcf.[23], but the non-compact 
SUSY Hopf spinors are used as here. The corresponding 
hard-core pseudo-potential Hamiltonian is constructed as 

m(N-l) 

H h.c. = Y, E vjPj&j). (n.2) 

i<j m(JV-2)+l/2<J 

Here, Pj is the projection operator of the two-body sub- 
space of the OSp(l|2) index J: 

Pj(i,j) 

2 Vab J a (i)J b (j)~e a0 J a (i)jP(j) - f (/-1)+J'(J' - I) 



n 



j'{J'-h)-J(J-h) 



(11.3) 



where we have used rj a bJ a J b — e a pJ ot J^ = — 
l/2) i= _ J/2+1 / 2 = -1/2(1/2 - 1/2). The hyperbolic 
SUSY Laughlin-Haldane wavefunction is rewritten as 



"J = exp f —to 



N 



ViVj 



i<j 



U t Vj - ViUj 



(11.4) 



where $ is the original hyperbolic Laughlin-Haldane 
wavefunction (6.1). Expanding the exponential, we ob- 
tain 



^ = $ — m y~] 



ViVj 



l<3 



UiVj — ViUj 



— TO 

2 \ L — ' UiVj — ViUj 



+ mm ■ ■ ■ m{-m) N,2 Pf ( ) 



■ i>. 
(11.5) 



One may find that both the original Laughlin and the 
Moore-Read Pfaffian wavefunctions appear in the expan- 
sion: the former appears as the first term, and the latter 
as the last term. Thus, the two quantum Hall wavefunc- 
tions are "unified" in the SUSY formalism. 
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B. Excitations 

Operators for excitations (quasi-particle and quasi- 
hole) on a super-hyperboloid are, respectively, con- 
structed as 



dtpi 



i i 



(11.6) 



where x specifies the point on a supcr-hypcrboloid by the 
relation (9.21). Their commutation relations are derived 
as 

[A(x),A^x)]=l, 

[A(x),A(x')]^[A\ x ),AHx')] = 0, (11.7) 

which imply that A{x) and A'(x) are interpreted as an- 
nihilation and creation operators, respectively The an- 
gular momentum of the quasi-hole follows from 

[n a ( X )J a ~ e a ^( X )J^A\ X )] = ~AHx), (11.8) 

which suggests that the excitation carries the fractional 
charge 1/m, in the SUSY QHE also. 



XII. SUMMARY AND DISCUSSION 

Based on the non-compact version of the SUSY Hopf 
map, we developed a formulation of the QHE on a super- 
hyperboloid, where the conventional definitions of Her- 
mitian and complex conjugations were used, unlike for 
the spherical SUSY QHE. Using OSp{\\2) group theo- 
retical methods, we derived super Landau level energies 
and the non-unitary representation of LLL bases. The 
Landau level on a super-hyperboloid has the maximum 
energy, while LLL energy is equivalent to that on a super- 
sphere. We constructed the Laughlin wavefunction, the 
hard-core pseudo-potential Hamiltonian and fractionally 
charged excitations on a super-hyperboloid. The hyper- 
bolic SUSY Laughlin-Haldane wavefunction superficially 
takes the same form as in the spherical QHE, but the 
non-compact Hopf spinors were used in the present for- 
malism. In the LLL, the hyperbolic fuzzy super-geometry 
naturally emerges. It was confirmed that the particular 
properties in the original hyperbolic QHE were observed 
in the hyperbolic SUSY QHE. 

There might be many directions to be pursued from the 
present model. One apparent direction is to explore ex- 
tensions of the QHE on other non-compact manifolds. In 



particular, the exploration of a non-compact QHE with 
50(3, 2) symmetry would be interesting, since it is a nat- 
ural non-compact version of the four-dimensional QHE. 
As close analogies between twistor and QHE have been 
pointed out in Refs.[41, 42], in the LLL of the model, 
the <SO(3, 2) symmetry will naturally be enhanced to 
SU(2, 2) conformal symmetry. Then, the SO(3, 2) ver- 
sion of noncompact QHE appears to realize a more direct 
relationship to twistor theory. The study of topologi- 
cal order of the SUSY QHE is another intriguing topic. 
Since the SUSY gives a unified picture of quantum liq- 
uids with different topological orders, i.e., Laughlin and 
Moore- Read states, analyses of the topological order in 
the SUSY QHE could be important in understanding 
"transitions" between such topologically different quan- 
tum liquids. We hope the hyperbolic SUSY QHE will be 
a starting point for such stimulating future directions. 
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APPENDIX A: SEVERAL DEFINITIONS IN 
SUPERGROUP 

When a supermatrix is given by the form 

'A 



M = 



C D 



(Al) 



(A and D are Grassmann-even block components, and B 
and C are Grassmann-odd block components), the super- 
determinant is defined as 



sdetM 



det(A- BD^C) 



dctA 



det(L» - CA~ 1 B) ' 

(A2) 



(A3) 



det£> 

and the supertrace is 

strM = trA - txD. 
(For more details, see Ref.[35] for instance.) 

APPENDIX B: LAGRANGE FORMALISM 

As a supplement, we argue about the Lagrange for- 
malism, which readily reproduces the results obtained in 
the Hamilton formalism. The one-particle Lagrangian is 
given by 

L = Y^ab^i" - e aP e a 6' 3 ) + x a A a + 8 a A a , (Bl) 
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with the constraint 

Vab x a x b - e aP 6 a 0l 3 = -1. (B2) 
In the LLL limit M — > 0, the Lagrangian is reduced to 

Leff = x a A a + 6 a A a = -il^k-tp, (B3) 

with ip (7.7) and k (7.3). Regarding ip as the fundamental 
quantity, its canonical conjugate momentum is derived as 



Meanwhile, when 



7T = dL e ff/dtp = —ilkip*, 



(B4) 



where the right derivative was used. Imposing the com- 
mutation relations 

[ip A ,ir B ]±=i5 A B , (B5) 
the complex conjugation ip* is represented as 



(B6) 



with k' (7.8). Inserting (B6) to the non-compact SUSY 
Hopf map (8.12), x a and 9 a are represented as 

which satisfy the super-hyperbolic fuzzy algebra (10.2). 
Similarly, the normalization condition (7.6) is rewritten 
as 



^-^-tIlll — If LLL, 
dip 

and it determines the LLL bases as in Eq.(9.16). 



(B8) 



APPENDIX C: IRREDUCIBLE 
REPRESENTATION OF SU(1, 1) 

Here, we summarize the irreducible representations of 
the SU (1,1) group. (A more complete discussion is found 
in Ref.[32].) The irreducible representations are classi- 
fied as (1) the principal discrete series, (2) the principal 
continuous series, and (3) the complementary continuous 
series. The principal discrete and continuous series form 
the complete bases. 

The SU(l, 1) Casimir operator is given by the Hermi- 
tian operator 



Vab L a L b = (L x ) 2 + (LVf - (L z ) 2 , 



(CI) 



and its eigenvalues are real numbers that can be negative 
as well as positive. We express the eigenvalues as 

-1(1-1). (C2) 

When I is a real number, the eigenvalue satisfies 

1 



-1(1 -!)>-, 



I can be parameterized as 



I = — + IK 



(C4) 



(C5) 



with an arbitrary real constant k, and (C5) provides 
—j(j—l) = j+k 2 > j. The eigenvalue of L z is given by a 
real number m, and simultaneous eigenstates of rj a i,L a L b 
and L z are introduced as 

r] ab L a L b \l,m) = -1(1 - l)\l,m), (C6a) 
L z \l : m) = m\l,m). (C6b) 

The raising and lowering operators are defined by 

L ± =L x ±iL y , (C7) 

and yield relations 

L+^L+ = Vab L a L b + (L Z ) 2 + L Z , (C8a) 
L~^L~ = r] ab L a L b + (L z ) 2 - L z . (C8b) 



From the expectation values of (C8) sandwiched by 
\l, m), the conditions for / and m are derived as 

0< -l(l-l) + m(m + l), (C9a) 
0< -l(l-l) + m(m-l). (C9b) 

1. Principal Discrete Series 

With a real positive I 

I > 0, (CIO) 

two independent irreducible representations are intro- 
duced: 



m = 1,1 + 1, 1 + 2, ■■■ , 
m = -I, -I -1,-1- 2, 



(Cll) 
(C12) 



-1(1 - 1) < 



(C3) 



(Cll) and (C12) arc named the positive and negative 
discrete series, respectively. 



2. Principal Continuous Series 

When I takes the form (C5), the irreducible represen- 
tation is specified as 

\l,a;m). (C13) 

Here, m takes the form 

m = a, a + l,a + 2, • • • , (C14) 

or alternatively, 

m = a, a — 1, a — 2, ■ ■ ■ , (C15) 

with < a < 1. 
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3. Complementary Continuous Series where m takes the following values: 

When I satisfies the constraint 

I(l-l)<a(a-l) (C16) m = a,a + l,a + 2,.--, (C19) 

or 

. - or alternatively, 

I- - < |a- -|, (C17) 

with the parameters < a < 1 and 1/2 < Z < 1, the m = a, a — 1, a — 2, • • • . (C20) 

irreducible representation is specified as 

\l,a;m), (C18) 
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